NORMAL DIVISION ALGEBRAS OF DEGREE
p* OVER F OF CHARACTERISTIC p*

BY
A. ADRIAN ALBERT

1. Introduction. In a recent paperf I proved that a normal division alge-
bra D of degree p, a prime, over a field F of characteristic not p, is cyclic if
and only if D contains a sub-field F(y), y» =+ in F. This result evidently leads
to the conjecture that any normal division algebra D of degree n over F is cyclic
over F if and only if D contains a maximal sub-field, F(y), y»=vy in F.

The conjectured criterion given above would be of fundamental impor-
tance for the theory of the structure of normal division algebras. Without
loss of generality we may assume that #» = p°, p a prime, and the theory then
gives rise to two distinct cases according as F does or does not have charac-
teristic p. We shall consider the former case here and give a brief simple proof
of the criterion.

2. Cyclic fields of degree p¢. Let F be a field of characteristic p=0. An
equation

€)) A=A+ a (ain F)
is called a normed equation. If xisarootof (1) soarex+1,x+2, - - - ,2+p—1,
and we have the Artin-Schreier lemmas:}

LemMA 1. A normed equation is either cyclic or has its roots in F. Every
cyclic field of degree p over F may be generated by a root of a normed equation.

LEMMA 2. Let Z=F(x) be cyclic of degree p over F,
2) aP=x+4+a (a inF).
Then a quantity x, of Z satisfies a normed equation if and only if
%o = kx+ b (k=0,1,--,p—1;binF).
Let Z, be cyclic of degree p° over F so that
(3) Zo>Zen> - >Z1>2Zy=F,

where Z; is cyclic of degree p* over F, cyclic of degree p over Z,_,. I have
provedf that Z,=F(x,),

* Presented to the Society, April 20, 1935; received by the editors March 26, 1935.

t These Transactions, vol. 36 (1934), pp. 885-892.

i For the properties of this section see my paper in the Bulletin of the American Mathematical
Society, vol. 40 (1934), pp. 625-631.
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4) %P = x; + a; (a; in Z;,y),
and that Z, has a generating automorphism S given by
) xie—— 28 = x,+ B;,
where*
(6) Bir1 = (w13 - - - x:)77), Tzyr(Bs) = (— 1)5,
and
) al — a; =B — Bi.

Every quantity of Z, has the form
8) a= pf a;,.-,,...,.-,x:l~ .- x? (etiy,--.ie In F).
Write ag=a,y,...,p—1 S0 that o

a = agfer1 + ao.

I have proved that there exists a quantity ¢ in Z, such that ¢o=c¢%—c. Then
Tzyr(ao) =0,  Tzyr(a) = (— D@, o= aBerr+ ¢ —c.

If Tz,r(a) =0 then ay=0 and a=c5—c, while conversely a=cS—c implies
that Tz, r(a) =0. When also a =ds —d then d —c =+ has the property v =75,
visin F. We thus have

LeEMMA 3. Let Z. be cyclic of degree p° over F and with generating auto-
morphism S. Then

(9) Tz,/p(a) =0 (a n Z.),
if and only if
(10) a=c¢%5—c¢ (cinZ,).

Moreover (10) has a unique solution c apart from an additive constant in F.
LeEMMA 4. The field Z. of Lemma 3 contains a quantity B.,1 such that

(11) Tzyr(Bosr) = (— 1)°

and every a of Z, has the form

(12) a = Tzr(a)(— 1)Ber1+ ¢S5 — ¢ (cinZ,).
In particular I have proved that

(13) TZ/F(IS:H — Bet1) =0

* We write Tz,r(a) for the trace of the quantity a in Z over F.
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so that 85, —B.s1 =0, , — @.y1. Then I have shown that the field F(x.,.) deter-
mined by

(14) xf+1 = Xet1 + a1

is cyclic of degree pe*! over F with Z, as sub-field and generating auto-
morphism given by %51 =%.41+Besr and that of Z..

3. Cyclic algebras of degree p over F. Consider n-rowed square matrices
A with elements in an infinite field F of characteristic p.

Two n-rowed square matrices 4, B with elements in F are similar in F
if and only if they have the same invariant factors. The minimum equation
of A4 is the equation obtained by setting its invariant factor ¢(\) of highest
degree in X equal to zero. When ¢(\) has degree # it coincides with the charac-
teristic polynomial of 4 and every B such that ¢(B) =0 is similar to 4.

In particular let #=p and y?=+ in F, y be in a total matric algebra M
of degree p over F. By a proper choice of the representation of M by the
algebra of all p-rowed square matrices with elements in F we may take

01 ---0
001 --0
(15) v =
1
vy 0 - -0

Since F is an infinite field there exists a quantity £§#0, 1, - - -, p—1in F
and thus

1
(16) x = £+ .

E+p—1
is non-singular. A trivial computation gives

(17) x? = x + a, yx = (x + 1)y,

wherea=§(7—fisin F.

We now let D be a normal division algebra of degree p over F and let
y?=+ in F for y in D but not in F. There exists a separable field K =F(n)
of degree p over F such that Dy is a total matric algebra over F. Then D is
equivalent to an algebra of p-rowed square matrices with elements in K and
the quantities 1, n, - - -, n*~! are linearly independent in D, the quantities
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1,9, - - - ,y? larelinearly independent in K. We have thus proved that there
exists a quantity x in Dg such that yx=(x+1)y.
We write

(18) =20+ xm+ - + 2p_m?! (x; in D)
and the equation yx=(x+1)y is equivalent to
(19 [#30 = (0 + Dyl + (32 — 2900 + - - - + (¥2p—1 — %p1y)n?™ = 0.

Thus yxo= (xo+1)y where y0, 2,50 are in D. The minimum equation of x,
has degree p over F and xo+1 in F(x,) as a root. The field Z =F(x,) is cyclic
over F and D is a cyclic algebra. The converse is well known and we have

THEOREM 1. Let D be a normal division™® algebra of degree p over F of charac-
teristic p. Then D is cyclic if and only if D contains an inseparable sub-field
F(y), y»=vinF.

4. Cyclic fields over K =F(y). Let K =F(y) be inseparable of degree p
over F, y»=v1in F, and let Z=Z, be cyclic of degree p¢ over K. Then (3)-(7)
are satisfied with Biy1, ¢:1 in Z;=K(x;). Write a1=Z:;aiyi with «; in F so
that a? =) apy?=) a?yi=aq is in F. Then xn=x2 has the property
Xt — %01 = (X? — %) P=a,» =aq is in F. But in fact 2o, =x,+a, generates K (x1).

Hence
Zi=Zau XK

where Zo, is cyclic of degree p over F. We may in fact prove

THEOREM 2. Let Z be cyclic of degree p® over K =F(y), y?=vy in F. Then Z
is the direct product

Z=ZyXK, Zy=F(), Z=K(),

where Z is cyclic of degree p° over F.

For let the above theorem be true for the sub-field Z;, of Z,. Then
Zia =Z.'_1,0XK and ﬁ.’ of (6) isin Zi—l.o- We also have Z; =Z.-_1(x.-), xP=x;+a;
and may write a; =) _a:/y7, a;o=a:? =) _a:zy’ in Z;_,,o. The quantity x;o=x;+a;
=x, generates Z; over K and x5 ==x:0+a:0, %p=2%:0+0: where a; and B; are
in Z;_1,0. Thus Z;0=Z;_1,0(x:0) and Z;=Z;;X K. The induction is complete
and Theorem 2 is proved.

5. Cyclic algebras of degree p¢ over F. We shall now prove

THEOREM 3. Let D be a normal division algebra of degree n=pe over F of
characteristic p and let F(y) be a maximal sub-field of D, y» =+ in F. Then D
is a cyclic algebra

* If F is a finite field there exist no normal division algebras of degree greater than unity over F.
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Z,S,7)
where yx =x5y for every x of Z.

For assume that the theorem is true for algebras of degree p*<p* and let
D have degree p¢ over F and contain y such that y»=+ in F, F(y) is a maximal
sub-field of D. Define

m=pl Y=y

so that the algebra B of all quantities of D commutative with y, is a normal
division algebra of degree m over K =F(y.). By the hypothesis of our induc-
tion there exists a cyclic field Z, of degree m over K in B such that yz=25y.
Theorem 2 states that Zo=Z,_; XK where Z,_, is cyclic of degree m over F.
Any change in the generating automorphism of Z, is accomplished by re-
placing y by y7, r prime to p, so we may assume without loss of generality
that yz =25y for every z of Z,_, where S generates the cyclic automorphism
group of Z,_,. Write Z,_; =F(x._,).

The algebra G of all quantities of D commutative with «._, is a normal
division algebra of degree p over Z._, and contains y.. By the hypothesis of
our induction there exists an xq in G such that y.xn=(xn+1)y.. Then
xo=(—1)*"x¢, has the properties

%P = %o+ a0,  Ym¥o = [%0+ (= D ym = x65ym,

with ao in Z,._;. The quantity y transforms x, in G into

-1 . s
Y%y = % inG, Soy = oy + G0, Ym¥oy = (%oy + 8)Ym
where
6= (— 1t = Tz, yr(Bo), YmY = YYm.

Write xoy =Z::b,-yf,, with b; in Z,_,(«x,) and have

p—1 p—1
Z b.‘(xo + 5))’1»‘“ = 6ym + Z bi(xo)ymﬂ-l, bi(xo + 5) = b{So in Ze_l(.\?o) .
=0 =0

Thus bi(x0+8) =b;isin Z,_ fori=1, - - - , m, bo(x9+8) =bo+1. By Lemma 2
we have bo=*kxo,+B with % an integer and B in Z._,. Then (xo+08)k+8
=kxo+B+6, k=1, bo=x+0,

Xoy = Xo + P(ym)
where* P(y.) isin Z._1(ym).

* Note the analogy between this result and the theorem that yex=xSy, if and only if yo=Py
with P in F(x).
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The field Zo=Z. .(ym)=Z..1XF(ym) is cyclic of degree pc—! over
K =F(ym). Thus yxoy~ ' =%+ P, y*xey 2 =20+ P+ PS5, and finally
Y2y ™ = %o + Tzyx(P) = YmXoYm ! = %o + &, Tzyx(P) = Tz,_yx(B.),
and, since Zy=Z, XK,
Tzyx(Be — P) = 0.

We apply Lemma 3 and obtain a quantity g in Z, such that gS—g=8.—P.
Define x.o=%0+g and obtain x}=2x.0+a.o,

¥%, = (%oy + g5)y = (20 + P+ g+ B. — P)y = (x. + Bo)y-

Then x5 =x,48. satisfies (x5)*=x5+a.,, and K(x.0) is cyclic of degree p¢
over K. By Theorem 2 the field K (x.,) =K XZ. where Z. is cyclic of degree
p? over F and has the same generating automorphism asZ.,. In fact Z. =F(x.),
Xe=1eo+ o =20, x,=2.°+B.. We have proved Theorem 3.
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