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1. Introduction. In a recent paperf I proved that a normal division alge-

bra D of degree p, a prime, over a field F of characteristic not p, is cyclic if

and only if D contains a sub-field F(y), yv = y in F. This result evidently leads

to the conjecture that any normal division algebra D of degree n over F is cyclic

over F if and only if D contains a maximal sub-field, F(y), yn =y in F.

The conjectured criterion given above would be of fundamental impor-

tance for the theory of the structure of normal division algebras. Without

loss of generality we may assume that n = p", p a prime, and the theory then

gives rise to two distinct cases according as F does or does not have charac-

teristic p. We shall consider the former case here and give a brief simple proof

of the criterion.

2. Cyclic fields of degree pe. Let A be a field of characteristic p^O. An

equation

(1) Xp = X + a (ainF)

is called a normed equation. If x is a root of (1) so are x+1,2+2, • • ■ ,x+p — 1,

and we have the Artin-Schreier lemmas :%

Lemma 1. A normed equation is either cyclic or has its roots in F. Every

cyclic field of degree p over F may be generated by a root of a normed equation.

Lemma 2. Let Z = F(x) be cyclic of degree p over F,

(2) xp = x + a (a in F).

Then a quantity xa of Z satisfies a normed equation if and only if

xa = kx + b (k = 0, 1, ■ ■ ■ , p — 1; b in F).

Let Ze be cyclic of degree pe over F so that

(3) Ze > Zc_! > ■ • •  > Zi > Z0 = F,

where Z< is cyclic of degree pi over F, cyclic of degree p over Z<_i. I have

provedj that Zi=F(x¡),

* Presented to the Society, April 20, 1935; received by the editors March 26, 1935.

t These Transactions, vol. 36 (1934), pp. 885-892.

X For the properties of this section see my paper in the Bulletin of the American Mathematical

Society, vol. 40 (1934), pp. 625-631.
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(4) Xip = Xi + a{ (a, in Z,_0,

and that Ze has a generating automorphism 5 given by

(5) Xi <-► Xis = Xi + ßi,

where*

(6) ßi+x = (xxx2 ■ ■ ■ Xi)p-\ Tztirißt) - (- 1)',

and

(7) a/> - ai = ßip - ßi.

Every quantity of Ze has the form

p-i . <e

(8) a = "52 aiii2,...,i.Xxl ■ ■ ■ x'e (<*,„...,;„ mF).
ii-a

Write ao=ap-x,.. .,„_i so that

a = aoße+x + a0.

I have proved that there exists a quantity c in Ze such that a0 = cs—c. Then

TZe/F(ao) = 0,        Tz,/p(a) = (— l)ea0,        a = a0^t+1 + cs - c.

If TzeiF(a)=0 then a0 = 0 and a = cs — c, while conversely a = c5 —c implies

that Tz\ip(a) =0. When also a = ds — d then d — c=y has the property 7=7S,

7 is in F. We thus have

Lemma 3. Zei Ze ¿>e cyclic of degree pe over F and with generating auto-

morphism S. Then

(9) Tg.,F(a) = 0 (a inZe),

if and only if

(10) a = cs - c (c inZi).

Moreover (10) has a unique solution c apart from an additive constant in F.

Lemma 4. The field Ze of Lemma 3 contains a quantity ße+1 such that

(H) Tz,/F(ße+l)   =   (-   De

and every a of Ze has the form

(12) a = Tz,FÍa)i- 1)^,+, + cs - c (c in Zi).

In particular I have proved that

(13) 7V(0«+i - /S.+0 = 0

* We write TziF(a) for the trace of the quantity a in '¿ over F.
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so that ße+i — ße+i = af+i — ae+¡. Then I have shown that the field F(xe+\) deter-

mined by

(14) xe+i = Xe+i + ae+i

is cyclic of degree pe+1 over F with Ze as sub-field and generating auto-

morphism given by xe+i = xe+i+ße+i and that of Ze.

3. Cyclic algebras of degree p over F. Consider «-rowed square matrices

A with elements in an infinite field F of characteristic p.

Two «-rowed square matrices A, B with elements in F are similar in F

if and only if they have the same invariant factors. The minimum equation

of A is the equation obtained by setting its invariant factor 4>(X) of highest

degree in X equal to zero. When 4>(X) has degree n it coincides with the charac-

teristic polynomial of A and every B such that 4>(B) =0 is similar to A.

In particular let n = p and y =y in F, y be in a total matric algebra M

of degree p over F. By a proper choice of the representation of M by the

algebra of all ^-rowed square matrices with elements in F we may take

(15) -v =

f 0 1 •

0 0 1

0 • •

I 7 0 •

• o 1
• 0

■ 1

■ 0

Since F is an infinite field there exists a quantity £?¿0, 1, ••-,/> —linA

and thus

ÍÍ

(16)
€+ 1

Í + P- lj

is non-singular. A trivial computation gives

(17) xp = x + a,        yx = (x + 1)3»,

where a = £" — £ is in F.

We now let D be a normal division algebra of degree p over F and let

yp=7 in F for y in D but not in F. There exists a separable field A = A(r/)

of degree p over F such that DK is a total matric algebra over F. Then D is

equivalent to an algebra of />-rowed square matrices with elements in A and

the quantities 1, n, r¡p~l are linearly independent in D, the quantities
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l,y, • ' ' , yp~1 are linearly independent in K. We have thus proved that there

exists a quantity x in DK such that yx = ix+l)y.

We write

(18) x = Xo + Xii) + • ■ ■ + xP-xVp~l ixi in D)

and the equation yx = ix+l)y is equivalent to

(19) [xyo - ixo + l)y] + iyxx - Xxy)v + • ■ ■ + iyxp-x — xp-xy)vv~l = 0.

Thus yxo = ixo+l)y where y 5^0, #0^0 are in D. The minimum equation of xa

has degree p over F and Zo+1 in F(x0) as a root. The field Z = Fix0) is cyclic

over F and D is a cyclic algebra. The converse is well known and we have

Theorem 1. Let D be a normal division* algebra of degree p over F of charac-

teristic p. Then D is cyclic if and only if D contains an inseparable sub-field

F(y), y"=y in F.

4. Cyclic fields over K=F(y). Let K = F(y) be inseparable of degree p

over F,yp=y in F, and let Z = Zehe cyclic of degree pe over K. Then (3)-(7)

are satisfied with ßi+x, ai+1 in Zi = K(xi). Write 0.1=^2 aiyi with a¿ in F so

that axp=^,aipyip='22aipyi = aax is in F. Then x0x = Xxp has the property

x0p—Xox = (xxp—xi)p = axp = aox is in F. But in fact x0x=xx+ax generates K(xi).

Hence

Z\ = Zox X 7l

where Zax is cyclic of degree p over F. We may in fact prove

Theorem 2. Let Z be cyclic of degree p" over K=F(y), yp=y in F. Then Z

is the direct product

Z = Zo X A",        Z0 = Fix),       Z = Kix),

where Za is cyclic of degree pe over F.

For let the above theorem be true for the sub-field Z¿_i of Ze. Then

Zi-x=Zi-x,oXK and ßi oí (6) is in Z,-_i,0. We also have Z¿ = Zi_i(:ti), x? =Xi+at

and may write a, =Ylaay', a¿o = a{p =23a¿/yJ m Zt-i.a- The quantity xi0 = a;¡+a¡

=Xip generates Z, over K and x^ = Xi0+aio, xi0 = xio+ßi where ai0 and ßi are

in Z¡_i,0. Thus Zi,o = Zi-x,o(xio) and Zi = ZiQXK. The induction is complete

and Theorem 2 is proved.

5. Cyclic algebras of degree pe over F. We shall now prove

Theorem 3. Let D be a normal division algebra of degree n = pe over F of

characteristic p and let F(y) be a maximal sub-field of D, yn=y in F. Then D

is a cyclic algebra

* If F is a finite field there exist no normal division algebras of degree greater than unity over F.
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(Z, S, y)

where yx = xsy for every x of Z.

For assume that the theorem is true for algebras of degree p{<p' and let

D have degree pe over F and contain y such that y" =7 in F, F(y) is a maximal

sub-field of D. Define

m   =   pe-l} ym   =   y«

so that the algebra B of all quantities of D commutative with ym is a normal

division algebra of degree m over A = F(ym). By the hypothesis of our induc-

tion there exists a cyclic field Z0 of degree m over A in B such that y2 = zsy.

Theorem 2 states that Z0 = Z<,_iXA where Ze_i is cyclic of degree m over F.

Any change in the generating automorphism of Z0 is accomplished by re-

placing y by yr, r prime to p, so we may assume without loss of generality

that yz = zsy for every z of Zc_i where S generates the cyclic automorphism

group of Z„_i. Write Ze_! = F(xe-i).

The algebra G of all quantities of D commutative with ¡r„_i is a normal

division algebra of degree p over Ze_i and contains ym. By the hypothesis of

our induction there exists an xm in G such that ymx0i = (xoi + l)ym. Then

Xo = ( — l)"-^oi has the properties

*0P   =    «0  +   «0, ;Vm*0   =    [*0  +   (—   l)e'1]ym   =   X0Soym,

with flo in Zt-t. The quantity y transforms x0 in G into

—1 . V S

yacoy     = Xoy in G, A-0y = %ov + a0 ,       ymXoy = (x0y + 5)y,„

where

8 = (- l)"-1 = 7V1/P(/Se), ymy = yym.

Write Xoy =Yji^tpiym with bi in Ze_i(^0) and have

p—1 p— 1

2Ü 6,-(*o + 5)ymi+1 = 5ym + J2 biix0)ymi+1, ¿¡(x0 + 5) = b,*<> in Z_i(.v0).

Thus ¿»¿(^o + o) =&iisinZe_ifor i = l, ■ ■ ■ , m, boix0 + 5) =b0+l. By Lemma 2

we have <50 = £-ío+í3 with k an integer and ß in Zc_i. Then (x0+ô)^+j3

= kx0+ß + 5, k = l, b0=x0+ß,

x0v = xo + Piym)

where* P(ym) is in Ze_i(yTO).

* Note the analogy between this result and the theorem that yox = xsyo if and only if y<t=Py

with P in F(x).
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The   field   Z0=Ze_i(ym) =Ze-xXF(ym)   is   cyclic   of  degree   p'-1   over

K = F(ym). Thus yx0y-l = xo+P, y2x0y-2 = x0+P+Ps, and finally

ymx0y-m = Xo + TZo/k(P) = ymXoymX = x0 + 5, Tz„ik(P) = Tz^/nißi),

and, since Z0 = Ze-xXK,

Tzo/Kiße -  P)   =  0.

We apply Lemma 3 and obtain a quantity g in Z0 such that gs—g = ß,. — P.

Define ^eo = ^o+g and obtain xv0 = xe0+aeo,

yx, = ixoy + gs)y = ixo + F + g + ße - P)y = (*« + ßi)y.

Then xe0 = xe+ße satisfies ixf0)p = x^Q+ae0, and Kixei) is cyclic of degree p"

over K. By Theorem 2 the field Kixe0) =KXZe where Ze is cyclic of degree

pe over F and has the same generating automorphism asZe0. In fact ZP = F(xe),

Xe = Xeo+aea = xpü, xe = xf+ße. We have proved Theorem 3.
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